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1. Let us consider a nonautonomous oscillatory system, with two degrees
of freedom, of the form

d*x d?y
gz taet+by=7()+uf, Tptetdy=9(@)+pd (1.9)

Let us suppose that the functions f and ¢ are continuous periodic
functions of time t of period 27 . The functions F and ® are assumed to
be analytic in the variables x, 2, y, y’» p. and continuous periodic
functions of time t with the same period 27 . The coefficients a, b, ¢
and d are constants. The quantity p is a small parameter. In the case of
resonance, the fundamental equation

D*4fa b

¢ D24 d =0

will have either a zero root or roots of the form t pi where p is an in-
teger. Another instance, which will also be referred to as a resonance
case, occurs when the fundamental equation has roots which differ from
the indicated critical values by a quantity which is an infinitesimal of
the order of p. This case can be reduced, however, to the former one by
the introduction of correcting terms into the functions pF and p®.

Furthermore, we shall assume that the coefficients of the pth harmonic
in the Fourier expansions of the functions f(t) and ¢(t) are either ab-
sent or are infinitesimals of the order of p. The generating system
(p = 0)

d? d?
b az by =71 (1), - er - dy = (2) (1.2)
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Periodic solutions of a nonautonomous quasi-linear system 1409

can have the following families of periodic solutions:

a) If the fundamental equation has four roots + ik, £ im, where k and
m are integers and k # m, then

2o (2) =2o®) (£) + 2™ @)+ (1), ¥o (1) = Pz (1) + Pp@™ () + 9° (1) (1.3)

Here, f° (t) and ¢° (t) are the particular periodic solutions of (1.2)
given by

¢ k*—a
E—d =~ b

c mi—a
m—d = b

) By
zy " (1) = A, COSkt+?Slnkt, Py =

D
2™ (1) = Eq cos mt - ‘”_f sinmt, p, =

where Ao, Bo, E0 and D, are arbitrary constants.

b) If the fundamental equation has only two roots t+ ik, where k is an
integer, then

20 (8) = 2™ (1) + 1 (2), Yo (1) = pize’™ (1) +9° (1) (1.4)
c) If the fundamental equation has multiple roots k = a, then
z, (t) = Ay coskt 4 % sin kt -+ f° (¢), Yo (t) = Eqcos kt +- %‘-’- sinkt 4¢° () (1.5)
The case of zero roots is not considered in this work.

We shall look for periodic solutions of the fundamental system (1.1)

by the method of a small parameter. Let us consider the case (a). The
initial conditions are taken as

z(0) = f°(0) + Ao+ Eo + B1+ Bs
z"(0) = 7°" (0) + By + Do + B2 + B4

y(0) =¢° (0) + p Ay + ppBo + pB1 -+ pimp, (1.6)
¥’ (0) = ¢°" (0) + p, Bo + Py Do -+ B2+ PrpBa

where the quantities ; are functions of p which vanish when g = 0. In
this case the solution of the system (1.1) has the form

z =z (¢, B, B2, Bas By 1), y=y(t B B2, Bs, Ba, 1

We shall determine the structure of these functions. Let us suppose
that they can be expanded into series of integer powers of the parameters
Bi» By, By, B, and p. Let us find those terms of these series which de-
pend on f3,, f3,, B, and B, but not on p. It is easily seen that all these
terms, with the exception of those that are linear in 8, B,, B, and 8,
vanish because their coefficients satisfy a system of homogeneous differ-
ential equations with zero initial conditions. The coefficients of the
linear terms, obviously, have a form analogous to that part of the
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generating solution which corresponds to the periodic solution of the
homogeneous equations corresponding to (1.2); one needs only to replace
Ay, By, Ey and Dy by B), By, B; and B,, respectively, in accordance with

the form of the initial conditions (1.86).
Thus, the solution of Equation (1.1) can be given in the form [1 ]
(.7)

D
z (t) = f°(t) + (Ay -+ B1) cos kt —}—E(]———Z—B—zsin kt + (Ey + Ba) cosmt +——°;—Bt sinmt -
2 ac oc
Bk Bk Bt ... | "

+2 e + T Bk g Bk g et
¥ () =00+ py [ (o By cos kt + 25 B sinis |4 oy, [ 4 B0 cos e +

Do+Bs < oH, oH,, oH,, oH, ' n
+ m Slnmt]'}"ﬂz—l[:ﬂn_*—a—ﬁl' Bl"*—'a_Bz‘ BZ+'6_53 B3+WB4+"[“‘

H, and their derivatives with respect to Bi are taken with
p = 0. The coefficients C, and H satisfy the system

H," +¢C,+dH, =0,

All the C,,
Bl T e = 64 =
C," +aC, +bH,=F,,

(1.8)

with the initial conditions Cn,(0) = H,(0) = C,l (0) = H,l (0) = 0. Here
1 1o
O =
" ("—4)!<du"“ /)(31:=P=0

1 av 1 F
F_(t) = ( > ,
" (n—1)! dp.”_l B; =p=0
The quantities d”~ 1 F/d"~ ! and d"~ 1¢/d"~ ! are total derivatives

of the functions F(t, z, z°, y, y', p) and ¢(t, z, =°, y, ¥, p) with
respect to p. We present the first three functions F,I in explicit forms

\

Fi(t) = F (t, %, 29", Yo, Yo'» 0)
(Y e (S5 oy (), 4 (), e+ (2
Fa =5, ot (), & + (g ) e+ G B + (5,
0% F 1 /0%F , 1 (0*F 1 /0%F , i e F
ro =7 (Gn), 0o+ 3 (Gl o+ 7 (Gl + 3 (Gl 2 () +

92F 9tF 8°F 0% F .
+ <W>OCIH1 + <W>0 C:Cy" + (W)O CiHy' + < x16y> C, H, +
FrF oF o2F
) C'1 6ya§)o Hl + (axa“ )0 Cl +

RF N\ ( oF , (
+ (,axlagp) CoHy +\Sy5y > HiHy' + \Gz7ap J
oF oF
37 b Ha (357 ), He

+(0zzgp>H1 +<6:¢) C2+(ax > Cz'“'F(ay A 5y

Analogous formulas exist for qbn. The subscript 0 at the parentheses
indieates that the z, z°, y, y° and g are replaced by 29, 20”7, Yor Yo'

and 0 in the derivatives.
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Having solved the system (1.8) and taking into account the relations

d—k? b a—k? ¢ d—m?

[ b
TETRTE O TERT kO Tw =P w0 T Pm=

a—m?

n

one can express the functions Cn(t) and H,(t) in the form

Cp (1) =C, % (1) + €™ (1), H, (1) = p,C,® (1) + p,C,™ ()
where
¢
d— k% ( b
(;n(k) (t) = o 1 = [ % S F_(t)sin k (t — 1)dT — —E-S @, (t) sin k(t — 1) dT ]
0 0
¢ ¢
1 d—m? b
Cn('m) (t)= s [ mm SF" (Y)sinm (t — 1) dv — oo S @, (t)sinm (¢t — r)d-r]
0 0

It is easy to show that the particular periodic solutions f° (t) and

¢° (t) can be represented as the sum of two terms fp(t) and f (1) so
that

OESMOE J S0 ° (k) = P Jy () + P f 1 (1)

In the case of nonautonomous systems, as well as in the case of auto-
nomous ones, one can show that differentiation of Cn(k) and Cn(') with

respect to 3;, B,, B; and B, is replaced by differentiation with respect
to Ao, Bo' E0 and Do- respectively.

The final solution x(t, B, B,, B3, B,, 1) and y(t, B;. By, B3, By 1)
of the system (1.1) is expressed in the form

() =2, (t) + 2, () + [ (1) + 11 (1)
Y(8) = Py (25 (8) + 1 () + P (2, () 4 £ (1)) (1.9)

where

[=o]
")
2, (1) = (Ay + Bu) cos kt -+ w sin kt + ) [cn(k)+ 0_(%_81_'_

n=1 (1]
0 ®) (k) ()
L R T N SR I
9B, oE, oD, 2 04,
Dy +
Zpn (1) = (Ey + Bs) cos mt = B4sinmt+ (1.10y
< c.(m (m)
) ac
+ 3 e, m n g+ %a B+---]"
nEJ "o, 0B, g

Hence, for the construction of periodic solutions of a nonautonomous
quasi-linear system with two degrees of freedom it is sufficient to con-
struct the functions z,, z,, f, and f, which enter into the z-coordinate.
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The variable y is constructed by multiplying Zp, %, fp and fy by con-
stants and adding the result, just as in the linear system.

In case (b), Formulas (1.9) take on the form
z(t) ==, (t)+ [, (1) y (1) = py [z, (1) + 1, (D]

In case (¢), Equations (1.2) can be factored and the solution can be
written in the form

By + Bs

7 (1) = (Ao -+ Bu) cos kt 4 o sinks -+
+ %[cn+%gl+%82+---Ju"+f°(t)
-
Y (O = (Bo+ Bs) cos bt + T iy 4
+§ [Hﬁ%g%sw%sﬁ ] b+ (1)

n=1

Here, the coordinates x and y are not interconnected (which is also
the case in linear systems).

For the construction of these solutions one has to know how to com-
pute the coefficients Cn(k)(t) and Cn(')(t) of p". The remaining coeffi-
cients of the series (1.10) are found by successive differentiations of
¢, '® and ¢ ® with respect to 4y, By, E, and Dy.

n

2. Taking into account the conditions (1.6) we can write down the
conditions for the periodic functions in the following form:
(2, Br, Bz Bs Bar 1) =/ (0)+ Ao+ B+ Eo+ Ba
2’ (270, By, Be, Bss Bar 1) =" (0)+ Bo+ Ba+ Do+ Ba @21
Yy (21, Br, Ba Bs B 1) = 9 (0) + (Ao + B1) py + (Eo + Bs) Py
¥ (2, By, Ba Bs Bar 1) =9 (0) + (Bo + B2) Py + (Do + Be) Py

Substituting into the left-hand sides of these equations the expres-
sions for x, x”, y and y° from (1.10), we obtain

© acn(k) 3Cn(k)
Z [Cn(k)(Zn) + 3A0 Bl+ 8B, BZ+ } Pn+
n=1
© ac, ™ ac, ™
+ 2 [Cn‘"‘) @) + 54, Bt g, Bt } u" =0 (2.2)

n=1
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e ac, e
Pe [Cn(k)(Zn)—l— oA B,+...}pn+
n=1
oo ac,, (m) n
+ P ) [c ™) (2n) 4 —5— 94, —|—...}y, =0
n=1

and two more formulas in which Cn(k) and C (m) are replaced by C (k)
c, (M7 and their deri-

and C, ()" The functions c, B, ¢ B, ¢ om),
vatives with respect to AO’ BO' E and D are here evaluated at the point

t=27, 3;=p=0, Since p, — p.;é 0, we have in place of (2.2) the

next set of equations:
<) ac (k)

[Cn(k) (2r) + —71— 94, Bit - ] p* =0,

3
i

3C ()
{C W@m) + —a B+ - } u=0 (2.3)

c.(m

D8

KA
.
=
3
i
o

[C,J"‘)(zn) + Bit -

M8EM8 2

C (my
[C mY(2m) + —5 g 74, Pt ] pt=0
n=1
Let us assume that f3,, Bz' B, and B, can be expanded into series of

Il

the form

(o]
Br= 2 Anl‘-n

n=1

Let us substitute ,Bi into the left-hand sides of Equations (2.3), and
equate to zero the coefficients of the series. The terms which are in-

O% (o0} (o]
B= 2 B Bo= D) E" Ba= 3 D (24)
n=1 n=1

dependent of p, yield the results:
c®2n) =0, C,™eEn=0 C¥'Em=0 ™ @n)=0 (2.5)

The coefficients of the first power of p lead to the equations

8C, k) 8C,(®) ac, 0 aC,\®
Cz(k)’\z:n;)—i— aAo Ay 4+ 9B, B1+_'5ETE1+ aD D=0
(m) 301(7") ac,(m 001(’")
B, + an 1 + aDO 1=

ac
C\"™ (2x) +- 6le A+ 3B,
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. aC, W’ oC, Y aC, %Y’ aC,
(k) 1 1 1

~ {maN?

8C,(™ ac, ™’ ac, ™)’ GC,(m)’
G @)+ o Ak g Bi ok g Bt ab Di=0

The coefficients of the second-degree terms in p yield

7C2(k) ,3_2( ,3'2( ) ,3'2( 1)
U‘) (2m) + 94, A+ 8B, By -+ 3E, Ey+ 3D, D, -+
aC,® TRl ac,®) ac, 1 92,k L 1 erc )
2 - : e - + 5 At = B2
94, 3B, 9E, * aD, TV 2 8A 2 9Bz “t
1t oee® 1 ee® 82C, ¥ y a2,
2 Ry B g Tapg PP g em; Bt g a5, ME
82C, %) azcl(k) 02C1 320, %)
T~ 240D, ‘21 + 3p.ag, B+ 5B,aD, PP + BE, 6D, BD1=0 (27

and three more equation§ in which the Ci(k) are successively replaced by
Ci('), Ci(k) and Ci(') . The system of equations (2.5) determines the
constants 4, Bo, B0 and D, when these equations have simple roots, i.e.
when the Jacobian

B(Cl(k), Cl(m), Cl(k)’, Cl(m)')
A= 3 (Ay By, Eo, Do)

0 (2.8)

In this case we determine Ay, Bl, E, and Dy by means of the linear
system (2.6), and we find Az, 32' E2 and C, from (2.7), and so on, All
these equations are linear in An, Bn, E, and D,, and all have the same
determinant A |,

In case of repeated roots of the system of equations (2.5), the deter-
minant Al = 0, If there is to be a periodic solution with finite ampli-
tude of the system (1.1), it is necessary that an auxiliary condition be
satisfied: the rank of the fundamental matrix of the linear system (2.8)
and that of the augmented matrix (obtained by attaching a column of the
free terms) must be the same., If this condition is satisfied then there
can occur a bifurcation of the solution of the generating equations. If
this condition is not satisfied, then the system of equations (2.6) can
lead to infinite values for the coefficients Al, Bl, E, and D;. In this
case the periodic solution of Equation (1.1) cannot be found by this
method.

In all those cases when there exists a periodic solution of the system
(1.1), this solution can be represented in the form of a power series in
e

2 (8) = (8) + prr () F 022 (D) = - .o, Yy (O =y (O) Fuya (D) F B () .. 2.9
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The generating solution is given by (1.3) or by (1.4) and (1.5). Here

Ty (8) = Aﬂ%k[+—_mnm+Eﬂ%mb+ sin m¢ - QWUL+CWNQ

82 . 2 .
79 (2) = Ascos kt + — sin kt - Es cos mt - . sin mt -

ac,t aC,™ ac,® 8C,™ 7
+A1| gt a4, 1|7 9B, t 7B, J +
ac,®  9c,™ aCc,®  ac,™ .
g S A
+ Ex [ a8, ~oE, 1| ap, ey | T CN )+ ™y
[’ By , Dy |
n () =p, LAI coskt + —— sinkt| + p., | E1cosmt - —, sinmi | 4

+ PO @) + PG (1)

B D,
y2(t) = py [Ag cos kt+- .—f——sin kt] [En cosmt + ——sin mtJ + prC P (1)
aC,®) aC,™ [ oac,® acl<m>
| [17 94, + P EYR 1 [_Pk 9B, + P 3B, J+ pm02(m)(1)__

, C, %) C(m"i D r AC, ") ac,™
+ B\ Pe g, Pm B, )+ D1 | P —ap, + Pmgp| ete.

We have analysed above the case (a). For the cases (b) and (c) one
obtains different forms. These results can be extended to systems with n
degrees of freedom.
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